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Yu-Liang Liu
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Abstract
Using the spin-hole coherent state representation, and taking the long
range antiferromagnetic Ne´el order as the background of the spin degree part,
we have studied the magnetic behavior of the t-J model in the usual slave
boson and slave fermion treatment of the single occupation constraint, and
shown that we can qualitatively explain the anomalous magnetic and trans-
port properties of the normal state of the cuprate superconducting materials
by the t-J model.
PACS numbers: 74.20.Mn, 75.10.Jm, 75.40.Gb.
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Recently, the significant progress has been made in the understanding of the low
energy spin dynamics of the normal state of the cuprate superconducting materials
in both theoretical[1−4] and experimental[5−7] aspects. In the undoping case, the
spin dynamics of the cuprates, such as La2CuO4, is well described by the quantum
Heisenberg model on a square lattice of Cu sites. The authors of Refs.[1,2] have
extensively studied it by using the scalling and renormalization group theory and /or
large-N expansion methods, and have given some valuable results which are in good
agreement with the current experimental data. However, in the doped case, up to
now there is not a general consensus on choosing a microscopic theory qualitatively
to describe the unusually magnetic and transport properties of the normal state over
the entire doping range from insulator to high doped compounds, although many
models have been proposed to describe them.
The unusually physical properties of the normal state of the cuprate supercon-
ducting materials may originate from their strongly antiferromagnetic correlation.
The doping will destroy the long range antiferromagnetic correlation, but the system
still maintains a strongly short range antiferromagnetic correlation. In Ref. 4, we
have given a detail study following this idea, and obtained some results which can
qualitatively explain the unusually physical properties of the normal state. In this
paper, using the similar method as in Ref. 4, we study the magnetic behavior of the
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t-J model. It is well-known that the gauge theory of the t-J model[8−10] gives a better
description of the transport property of the normal state, but up to now one has not
known whether it can also give a reasonable description to the magnetic behavior of
the normal state.
We first adopt an usual method to deal with the single occupation condition by
introducing a slave fermion, so the Hamiltonian of the t-J model can be written as
in a hole representation
H = t
∑
<ij>
(f+j fib
+
iσbjσ + h.c)
+J
∑
<ij>
(1− f+i fi)Sˆi · Sˆj(1− f+j fj) +
∑
i
λi(1− f+i fi − b+iσbiσ)
(1)
where Sˆi =
1
2
b+iασˆαβbiβ, biσ is a hard-core boson operator which describes the spin de-
gree of the electron, and fi is a fermion operator which describes the charge degree of
the electron. The electron operator is ciσ = f
+
i biσ, λi is a Lagrangian multiplier which
ensures the single occupation condition of the electrons. In the spin-hole coherent
state representation introduced by Auerbach[11]
|Ωˆ, ξ >S≡ |Ωˆ >S ⊗|0 >f +|Ωˆ >S− 1
2
⊗ξf+|0 >f (2)
where |Ωˆ >S is a spin coherent state[12] and ξ is an anticommuting Grassmann vari-
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able, the partition functional of the Hamiltonian (1) can be written as
Z =
∫
DΩˆDξ∗Dξexp{−
∫ β
0
[LΩ + Lξ]} (3)
LΩ = −i
∑
i
2Sωi + JS
2
∑
<ij>
(1− ξ∗i ξi)Ωˆi · Ωˆj(1− ξ∗j ξj) (4)
Lξ =
∑
i
ξ∗i (∂τ + iωi + µi)ξi +
√
2tS
∑
<ij>
(ξ∗j ξie
iγij
√
1 + Ωˆi · Ωˆj + h.c) (5)
where the Berry phase ω is a functional of the spin order parameter Ωˆ(τ). It is
ambiguous modulo 4π, and its functional derivative is quite well-behaved[12]
∫
dτδω =
∫
dτ Ωˆ · (∂τ Ωˆ× δΩˆ) (6)
The parameter µi is a chemical potential of the slave fermion ξ, γij is the phase
factor of S < Ωˆ|b+iσbjσ|Ωˆ >S. The Lagrangian Lξ is invariant under following gauge
transformations
ξi → ξieiθi , γij → γij − θi + θj , µi → µi + i∂τθi (7)
which derives from the slave fermion representation of the electron operator ciσ =
f+i biσ. The single occupation condition in (1) disappears in (4) and (5), because
in the spin-hole coherent state representation the term (1 − f+i fi − b+iσbiσ) is equal
to zero at each site. From the equations (4) and (5), we see that the Lagrangian
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LΩ dominates the antiferromagnetic behavior of the system, then the Lagrangian Lξ
dominates the ferromagnetic behavior (or destroys the antiferromagnetic behavior)
of the system because the factor
√
1 + Ωˆi · Ωˆj is zero for antiferromagnetic order and
is biggest for ferromagnetic order. According to the current experimental data of the
cuprate superconducting materials, almost all of them show a strongly short range
antiferromagnetic behavior in the normal state, even in the superconducting state,
the short range antiferromagnetic behavior also appears. Therefore, according to this
fact, we take a long range antiferromagnetic Ne´el order as a background of the spin
order parameter
h¯SΩˆi ≃ h¯ηiΩˆ(xi) + a2Lˆ(xi) (8)
where a2 is the unit cell volume, Ωˆ(xi) is the slowly varying Ne´el unit vector order,
i.e., spin parameter field |Ωˆ(xi)| = 1, and Lˆ(xi) is the slowly varying magnetization
density field, Ωˆ(xi) · Lˆ(xi) = 0. The Berry phase term may be separated into two
parts
S
∑
i
ωi ≃ S
∑
i
ηiω(xi) +
1
h¯
∫
d2xΩˆ · (∂Ωˆ
∂τ
× Lˆ) (9)
where ω(x) is the solid angle subtended on the unit sphere by the closed curve Ωˆ(x, τ)
(parametrized by τ). Because of in the long range antiferromagnetic Ne´el order
approximation, the electron hoping must be accompanied with a π − phase rotation
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in spin space to match with the nextest neighbor spin orientations, so the t-term in
(1) must be changed as
f+i fjb
+
jσbiσ = e
−2i
∑
l 6=i,j
θij(l)S
z
l
f+i fje
2i
∑
l 6=i,j
θij(l)S
z
l
b+jσbiσ
= e
−2i
∑
l 6=i,j
θij(l)S
z
l
f+i fj b˜
+
jσ b˜iσ
(10)
where θij(l) = θi(l) − θj(l), θi(l) is an angle between the direction from site i to
site l and some fixed direction, the x axis for example; Szl =
1
2
b+lασ
z
αβblβ, the z-
component of the spin operator; b˜iσ = e
2i
∑
l 6=i
θi(l)Szl biσ, is a fermion operator. Under
the approximations (8) and (9), and eliminated the magnetization density field Lˆ(x),
the Lagrangians in (4) and (5) can be written as, respectively
LΩ =
1
2g0
∫
d2x[(~∂Ωˆ)2 +
1
c2
(∂τ Ωˆ)
2] (11)
Lξ =
∑
i
ξ∗i (∂τ − µi)ξi
+
√
2tS
∑
<ij>
{ξ∗j ξieiγ
′
ij [1 + ηiηjΩˆ(xi)Ωˆ(xj)]
1
2 + h.c}
(12)
where γ
′
ij = γij +
∑
l 6=i,j
θij(l)S < Ωˆ|(b+l↑bl↑ − b+l↓bl↓)|Ωˆ >S, g0 = (J(1 − δ)2S2)−1, c2 =
8(aJ(1 − δ)S)2. For the J-term in (4), we have replaced the f+i fi and f+j fj by
δ =< f+i fi >=< f
+
j fj >, the doping density. We have omitted the terms
∑
i ηiω(xi)
and
∑
i ηiω(xi)ξ
∗
i ξi. If ω(x) is a slowly varying function of space coordinates ~x and
”time” τ and the occupation number of the quasiparticle ξ is equal at the even and
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odd sites, these two terms have a little contribution to the system. However, the
quantity ω(x) provides an attractive interaction between the fermions ξi and ξi+δˆ,
δˆ = (±a,±a), at the even and odd sites, respectively, which may induce the pairing
between the slave fermions at the even and odd sites. Here we assume this effect is
very small, and do not consider it, or we only consider the normal state of the system.
Taking the Hartree approximation, the Lagrangian (12) can be written as
Lξ =
∑
i
ξ∗i (∂τ − µi)ξi + tS
∑
<ij>
{∆ijξ∗j ξi
+ Λijξ
∗
j ξi[(Ωˆ(xi)− Ωˆ(xj))2]1/2 + Γijeiγ
′
ij + h.c}
(13)
where ∆ij =< [(Ωˆ(xi) − Ωˆ(xj)2]1/2eiγ
′
ij >, Λij =< e
iγ
′
ij >, Γij =< ξ
∗
j ξi[(Ωˆ(xi) −
Ωˆ(xj))
2]1/2. The ∆ij term is the kinetic term of the slave fermion ξ, the Λij term is
the interaction term between the slave fermion ξ and the spin parameter field Ωˆ(x),
the Γij term is a gauge field Maxwell-like term which provides a background gauge
current to maintain the system being neutral to the native gauge field deriving from
the slave fermion representation of the electron (see below). To retain the gauge
invariance of the Lagrangian (13) under the gauge transformations in (7), we can
take following approximations
∆ij = ∆e
iθij , Λij = Λe
iθij , Γij = Γe
−iθij (14)
where θij = (~xi − ~xj) · ~A(xi−xj2 ). In the continuous limit, the Lagrangian (13) can be
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written as
Lξ =
∫
d2x[ξ∗(∂τ − iA0)ξ + 12mξ∗(~∂ − i ~A)2ξ
+ V ξ∗ξ|~∂Ωˆ|+ αF [a+ A]]
(15)
where m = (2tS∆)−1, V = 2tSΛ/a, α = 2tSΓ, µi = iA0, |~∂Ωˆ| ≡ |(∂xΩˆ)2|1/2 +
|(∂yΩˆ)2|1/2, (~xi − ~xj) · ~a(xi−xj2 ) ≃ −γij −
∑
l 6=i,j
θij(l)S < Ωˆ|b+l↑bl↑ − b+l↓bl↓|Ωˆ >S, ~a is a
gauge field deriving from the spin fluctuation. In the first order approximation, we
can take F [A] as F [A] = F 2ij [a], Fij [A] = ∂iAj − ∂jAi. From the equation (15), we
have the neutral condition of the system
−~jξ + αδF [a+ A]
δ ~A
= 0 (16)
The term αF [a + A] in (15) is similar to the gauge fluctuation term obtained by
integrating out the spin degree biσ in the ordinary slave fermion method of the t-J
model.
We can also adopt the slave boson method to deal with the t-J model. In the
long range antiferromagnetic Ne´el order approximation, to match with the nextest
neighbor spin orientations, the t-term can be written as
b+j bif
+
iσfjσ = e
−2i
∑
l 6=i,j
θij(l)S
z
l
b+j bie
2i
∑
l 6=i,j
θij(l)S
z
l
f+iσfjσ
= e
−2i
∑
l 6=i,j
θij(l)S
z
l
e
−i
∑
l 6=i,j
θ
′
ij(l)b
+
l bl
b˜+j b˜if˜
+
iσf˜jσ
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where, Szl =
1
2
f+lασ
z
αβflβ, f˜iσ = e
−2i
∑
l 6=i
θi(l)S
z
l
fiσ is a hard-core boson; b˜i = e
i
∑
l 6=i
θ
′
i(l)b
+
l bl
bi
is a fermion; because of in the slave boson representation, the electron operator reads
ciσ = b
+
i fiσ, bi is a slave (hard-core) boson, fiσ is a fermion. In order to use the spin-
hole coherent state representation, we have changed the slave boson into a fermion.
After finished the calculation, we can change the fermion b˜i into the slave boson bi,
so we can obtain following Lagrangian similar to that in (15)
Lξ¯ =
∫
d2x[ξ¯∗(∂τ − iA0)ξ¯ + 12m′ ξ¯∗(~∂ − i ~A)2ξ¯
+ V
′
ξ¯∗ξ¯|~∂Ωˆ|+ α′F [a′ + A]]
(17)
where (~xi−~xj) ·~a′ = −γ¯ij−
∑
l 6=i,j
θij(l)S < Ωˆ|f˜+l↑ f˜l↑− f˜+l↓ f˜l↓|Ωˆ >S, γ¯ij is the phase factor
of S < Ωˆ|f˜+iσf˜jσ|Ωˆ >S, ξ¯ is a hard-core boson field.
If we integrate out the slave fermion ξ, we can obtain following effective actions
of the gauge field and the spin parameter field
Seff. = S
ξ
eff.[A] + S
ξ
eff.[Ω] (18)
Sξeff.[A] =
∫ dω
2π
∫ d2q
(2π)2
(χF q
2 − iω
vF q
)(δij − qiqj
q2
)Ai(q, ω)Aj(−q,−ω)
+
∫
dτ
∫
d2xαF [a+ A]
(19)
Sξeff.[Ω] = −β
∑
n
∫ d2q
(2π)2
|ωn|
ωF
|Ωˆ|2(q, ωn) (20)
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where χF is the diamagnetic susceptibility of the slave fermion system, and vF is
the Fermi velocity of the slave fermion, ωF ∝ 1V 2kF , a character energy scale which
describes the damping of the quasiparticle-hole pairing excitation to the spin wave
spectrum. We have omitted the crossover terms between the gauge field ~A and the
spin parameter field Ωˆ that are higher order terms, and the higher order derivatives of
the spin parameter field Ωˆ. We must be careful in dealing with the Lagrangian (17),
because as we integrate out the hard-core boson field ξ¯, we meet with a problem
of the condensation of the hard-core boson, only as the temperature T > T0, the
condensation temperature of the hard-core boson, we can obtain an effective action
similar to that in equations (19) and (20). The condensation of the hard-core boson
will destroy the gauge invariance of the native gauge field ~A. Mathematically, the
Lagrangians in (15) and (17) are equivalent, so we think that the quantum gauge
fluctuation can drastically suppress the condensation of the hard-core bosons, if there
is not another interaction source, the condensation temperature tends to zero, T0 = 0.
From equations (11) and (20), we obtain an effective action of the spin parameter
field of the t-J model
Seff.[Ω] = β
∑
n
∫
d2q
(2π)2
{ 1
2g0
(q2 +
1
c2
ω2n)−
|ωn|
ωF
}|Ω|2(q, ωn) (21)
where |Ω(x, τ)| = 1, the origin points of q are in the corner points ~Q = (±pi
a
,±pi
a
). The
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action (21), our central result in this paper, is the same as that in Ref.4 we obtained
from a p-d model or an effective Hamiltonian derived from a three-band Hubbard
model. This action has two critical regions: one is a z = 1 (where z is a dynamic
exponent) region which is consisted of three regimes: a renormalized classical (RC)
regime, a quantum critical (QC) regime and a quantum disorder (QD) regime[1];
another one is a z = 2 region which maybe is also divided into the same two (QC
and QD) regimes as above, but their behavior is completely different from that in
the z = 1 region. In the undoping case, ωF →∞, the system is in the RC regime[1,2].
In the underdoping case, ωc < ωF < ∞, the system is in the z = 1 QC and/or QD
regimes[3,4]. In the optimal doping case, ωF < ωc, the system goes into the z = 2
region[3,4]. ωc is a characteristic energy scale which indicases a crossover of the system
from the z = 1 region to the z = 2 region as doping. We see that the ωF term in
(21) which derives from the damping of the quasiparticle-hole pairing excitation to
the spin wave spectrum is very important for determining the doping influence on
the system, especially in the optimal doping case, this term is dominant.
Generally, in the z = 1 region, the ωF term is very small, and can be treated
perturbatively, in the low energy limit we can obtain following spin susceptibility
χ(q, ω) =
χ0
ξ−2 + q2 − 1
c2
ω2 − iω
ωR
F
(22)
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where ξ is a coherent length, ωRF is a renormalized characteristic energy scale of the
spin fluctuation. In the (z = 1) QC regime[4], ξ ∼ 1
T
, ωRF ∼ 1T ; In the (z = 1) QD
regime, ξ and ωRF take constants. In the z = 2 region, the ωF term is dominant,
the ω2 term is irrelevant and can be omitted, in the low energy limit we can obtain
following spin susceptibility
χ¯(q, ω) =
χ¯0
ξ¯−2 + q2 − iω
ω¯F
(23)
where ω¯F =
ωF
2g0
is a renormalization group invariant quantity. In the (z = 2) QC
regime[4], ξ¯2 ∼ 1
T
. Using these spin susceptibilities in (22) and (23), we can betterly
explain the current experimental data[5−7] of the nuclear magnetic resonance spin-
lattice relaxation rate and the spin echo decay rate about the copper spin. However,
in the t-J model the spin degree of the oxygen is completely suppressed, we cannot
give a reasonable explanation to the magnetic behavior of the oxygen spin only from
the t-J model.
The transport behavior of the normal state is determined by the Lagrangian
(15) or (17). The gauge field ~a (or ~a
′
) has a drastically influence on the charge
degree part because of the single occupation condition of the electrons meaning a
strong correlation between the charge and spin degrees. In the mean field theory
approximation, if we use the hard-core boson to describe the charge degree part
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of the system, the hard-core boson will move in a zero background magnetic field
deriving from the spin degree part if the phase factor γ¯ij gives a zero contribution
~∂ · ~a′ = 2π < f˜+↑ f˜↑ − f˜+↓ f˜↓ >= 0 (24)
where we take < f˜+↑ f˜↑ >=< f˜
+
↓ f˜↓ >. If the phase factor γ¯ij gives a non-zero con-
tribution to this background magnetic field, the system has not a parity-symmetry
in the mean field theory approximation. If we use the slave fermion to describe the
charge degree part, in the mean field theory approximation the slave fermion also
moves in a zero background magnetic field deriving from the spin degree part if the
phase factor γij gives a zero contribution
~∂ · ~a = 2π < b+↑ b↑ − b+↓ b↓ >= 0 (25)
where we take < b+↑ b↑ >=< b
+
↓ b↓ >. Therefore, the influence of the gauge field ~a
(or ~a
′
) on the charge degree comes from the high order quantum fluctuation of the
spin degree part. However, there maybe exists a common background magnetic field
deriving from the spin degree part whether we use the hard-core boson or the slave
fermion to describe the charge degree part because of the appearance of the phase
factor γij (or γ¯ij). On the other hand, because of the single occupation condition,
there exists a strong correlation betwwen the spin and charge parts, the mean field
theory approximation is not accurate. We think that the Lagrangians (15) and (17)
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are equivalent, we can use one of them to describe the transport behavior of the
normal state of the cuprate superconducting materials. If we use the Lagrangian
(17) to describe the transport behavior of the system, the resistivity produced by
the quasiparticle-gauge fluctuation scattering[9] is ρ ∼ T in the high temperature
region. While in the low temperature region, the hard-core nature of the slave boson
is dominant, which derives from the single occupation condition, so we should first
change the slave boson into a fermion which naturally obeys the single occupation
constraint, then we can calculate the transport property of the system, or we use the
Lagrangian (15) to calculate the transport behavior of the system. If the phase factor
γij gives a zero background magnetic field, we can obtain the temperature dependence
of the resistivity induced by the quasiparticle-gauge fluctuation scattering[9] ρ ∼ T 4/3.
In the underdoping case, the current experimental data shows that in the lower
teperature region the resistivity is ρ ∼ T α, 1 < α < 2, in the higher teperature
region the resistivity is ρ ∼ T . In the optimal doping case, the resistivity is ρ ∼ T
for T > Tc. Therefore, using the Lagrangians (15) and (17), we can qualitatively
explain the temperature dependence of the resistivity. Because of the appearance
of the gauge field ~a (or ~a
′
), the high order quantum fluctuation of the spin degree
part gives an effective magnetic field B = ~∂ · ~a (ro B′ = ~∂ · ~a′), which will destroy
the parity-symmetry of the system, and may provide an odd-parity gauge interaction
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Dj0(q, ω) =< Aj(q, ω)A0(−q,−ω) >= σεjkqkF (q2, ω), introduced by the authors in
Ref.13. Using this interaction, we can qualitatively explain the unusual temperature
dependence of the Hall coefficient[4,13].
In conclusion, using the spin-hole coherent state representation, we have studied
the normal state property of the t-J model in the usual slave boson and slave fermion
treatment of the single occupation constraint, and shown that we can qualitatively
explain the unusually magnetic and transport behaviors of the normal state of the
cuprate superconducting materials by the t-J model. We think that the short range
antiferromagnetic correlation induces the unusual behavior of the normal state of the
cuprate materials, so it is a reasonable approximation that we take a long range an-
tiferromagnetic Ne´el order as a background of the spin degree part of the system, the
coupling between the charge degree and spin degree will destroy this long range or-
der, but the system still has the short range antiferromagnetic order. In the undoping
case, the system can be described by a non-linear σ-model (the t-J model reduces to
the Heisenberg model). In the doping case, the coupling between the charge degree
and spin degree provides a decay term to the non-linear σ-model, which describes
the damping of the quasiparticle-hole pairing excitation to the spin wave spectrum.
Using this effective Lagrangian (11), we can betterly explain the unusually magnetic
behavior of the normal state of the cuprate superconducting materials. However,
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there exist two Lagrangians (15) and (17) to the charge degree part of the system,
we think that they are equivalent to each other. Using them we can qualitatively
explain the transport behavior of the normal state of the cuprate superconducting
materials, the temperature dependence of the resistivity is mainly determined by the
quasiparticle-gauge fluctuation scattering.
The author is particularly thankful to Prof. L. Yu and Prof. Z. B. Su for their
encouragement.
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